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Abstract

We examine the relationship between primal, or force-based, and dual, or constraint-based formulations of dynamics. Varia-
tional frameworks such as Projective Dynamics have proved popular for deformable simulation, however they have not been
adopted for contact-rich scenarios such as rigid body simulation. We propose a new preconditioned frictional contact solver
that is compatible with existing primal optimization methods, and competitive with complementarity-based approaches. Our
relaxed primal model generates improved contact force distributions when compared to dual methods, and has the advantage of
being differentiable, making it well-suited for trajectory optimization. We derive both primal and dual methods from a common
variational point of view, and present a comprehensive numerical analysis of both methods with respect to conditioning. We
demonstrate our method on scenarios including rigid body contact, deformable simulation, and robotic manipulation.

CCS Concepts
• Computing methodologies → Simulation by animation; Interactive simulation; • Computer systems organization →
Robotics;

Keywords: contact, friction, numerical optimization, robotics

1. Introduction

Implicit time integration is popular in computer graphics and
robotics for its robustness and efficiency. Given a continuous time
dynamics model, an implicit time discretization will generally re-
sult in a nonlinear system of equations. Many numerical methods
have been proposed to solve these discretized equations of mo-
tion, which we categorize broadly as primal and dual methods. The
terms primal and dual are perhaps most appropriate when viewing
implicit integration as a variational problem that formulates time
stepping as an energy minimization. Primal methods we consider
as ones that are expressed and solved in terms of the system de-
grees of freedom, i.e.: positions, velocities, and the forces acting
on them. On the other hand, dual methods focus on constraints be-
tween the degrees of freedom, and solve in terms of their Lagrange
multipliers.

In this work, we show that both primal methods such as Projec-
tive Dynamics (PD) [BML∗14] and dual methods, such as extended
Position-based Dynamics (XPBD) [MMC16], may both be derived
from a common variational basis, and offer complementary trade-
offs in terms of sensitivity to poorly conditioned problems. While
primal descent methods have been used successfully for elasticity
simulation [Wan15, WY16], they have not found wide-spread use
in contact-rich scenarios, such as rigid body simulation. We extend
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Figure 1: Granular Material. In this example the granular medium
consists of 256k rigid bodies with an average radius of 5mm. The
resulting mass ratio between the grains and cylinder is 80000 : 1,
which results in an ill-conditioned system for dual, or constraint-
based solvers (left). Primal formulations on the other hand are rel-
atively unaffected by this ratio (right).

these methods to dry frictional contact by deriving a Coulomb fric-
tion model from a variational basis, and provide an efficient precon-
ditioner suitable for parallelization. Our primal formulation of con-
tact possesses a number of desirable traits. First, it is differentiable,
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and has well-defined inverse dynamics, an important property for
trajectory optimization [Tod14]. Second, it is insensitive to mass-
ratios, allowing it to stably simulate scenarios involving both small
and large bodies, as shown in Figure 1. Third, it does not require
the tracking of auxiliary variables such as Lagrange multipliers.
This means that the system size remains constant over the course
of a simulation, which may be desirable if using the system state as
an input to e.g.: a neural network controller [PRM19]. Finally, we
find that the force distributions obtained from relaxed, or compli-
ant, contact models, are smoother than the result from hard-contact
models, this can be desirable when contact forces act as input to
control algorithms. In summary, our technical contributions are as
follows:

• A derivation of primal and dual formulations of contact
dynamics from a common variational basis. Our derivation
shows the underlying connection between methods such as
Projective Dynamics and XPBD, and extends the Projective
Dynamics-based method of [Wan15] to rigid body simulation.

• A primal frictional contact model derived from a variational ba-
sis. Our model is simple to implement, supports differentiability,
and is well-suited to GPUs.

• A numerical analysis of the sensitivity of both primal and dual
descent methods to ill-conditioned problems. We test the relative
strengths / weaknesses of each method in the presence of large
mass ratios, and identify the lesser known problem of stiffness
ratios.

• An experimental comparison of both optimization methods on a
number of scenarios including unstructured piling, robotic grasp-
ing, cloth simulation, and trajectory optimization.

2. Related Work

We now discuss some previous simulation work in both the primal
and dual space with a focus on elasticity and contact simulation.

2.1. Elasticity

There has been a large amount of work on implicit simulation of
elastic bodies in computer graphics. Baraff & Witkin [BW98] pro-
posed a single-step Newton method for solving the discrete implicit
equations of motion in cloth simulation. They use a linearization of
forces that results in significant artificial damping, and has led to
the development of a number of nonlinear implicit solvers. Many
of these are derived from variational principles, which formulate
the problem as one of energy minimization [GSS∗15, MKB∗10].
In particular, Projective Dynamics (PD) [BML∗14,LBOK13], pro-
poses a splitting-based method where elastic potentials are handled
through a local projection, and inertial potentials that are handled
through a global step. Wang et al. [Wan15, WY16] showed that
descent methods applied to variational implicit Euler may be con-
sidered as a special case of Projective Dynamics where the local
and global solve are performed using one preconditioned Jacobi
iteration. In this work we also focus on preconditioned descent
methods for their simplicity and simple GPU parallelization. We
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Figure 2: Unstructured Piling. A sequence of frames from a large-
scale piling example inspired by Xu & Barbic [XZB14]. Despite
having 393k (40x more) contacts, our parallel preconditioned gra-
dient descent solver runs at real time rates.

extend the work of Wang et al. to include rigid bodies, and a contact
model based on a variational energy function that correctly models
Coulomb friction.

Constraint-based, or dual methods are also popular for elas-
tic and multi-body dynamics. Servin et al. [SLM06] formulated
a linear finite element method (FEM) as a set of compliant con-
straints. This approach was made robust by the inclusion of ge-
ometric stiffness terms that include second order constraint in-
formation [TNGF15, ATK17]. Goldenthal et al. [GHF∗07] pro-
posed a fast constraint projection method using direct solvers,
while Position-based Dynamics employs iterative, local, nonlin-
ear constraint projections on the same constraint-based formula-
tion [MHHR07, Sta09]. This approach was extended to correctly
handle quadratic energy potentials in XPBD [MMC16], and we
show how these methods may be seen as solving a dual variational
problem, which we derive in Section 3.3.

2.2. Contact

Penalty methods are a common primal model of contact in graph-
ics and robotics [MO96, YN06, Dru07, TMOT12]. While explicit
penalty methods tend to require small time-steps for stability, the
combination of implicit penalty contact with direct solvers has
been successfully employed [XZB14]. A notable example is in Mu-
JuCo [TET12, Tod14], which uses a relaxed contact model inside
an acceleration-based framework with direct solver methods. We
present a primal contact model inspired by this work and combine it
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with a descent-based solver well-suited for GPU implementations
and capable of scaling to hundreds of thousands of simultaneous
contacts. While relaxed methods of contact generally permit some
interpenetration or slip, we find this is not a significant limitation,
as illustrated in Figure 3.

Pan et al. [PRM19] used a smooth contact model for differ-
entiable trajectory optimization. They propose a viscous friction
model that, does not make a distinction between stick and slip
regimes. In this work we propose a relaxed friction model that
also captures the Coulomb constraint that friction forces should
lie inside the friction cone. Hybrid methods for contact have also
been used successfully. An example of this is the work by Tang
et al. [TWL∗18], who used the augmented Lagrangian method
(ALM) to resolve cloth self-collisions. Kaufman et al. [KSJP08]
proposed staggered projections for frictional contact where inter-
penetration is prevented through interleaved quadratic program-
ming (QP) solves. Their resulting optimization problem may be
solved using primal or dual methods. Mazhar et al. [MMFN14]
compared primal and dual formulations of contact modeled as hard
constraints and their effect on solution methods.

Simultaneous to our work, Li et al. [LFS∗20] proposed a lagged
primal formulation of contact that uses barrier methods to guar-
antee interpenetration free states. While barrier methods prevent
touching contact, we focus on implicit penalty methods, which per-
mit some interpenetration. We propose a similar smoothed fric-
tion model derived from a variational dissipation potential and
compare primal and dual methods for solving the resulting opti-
mization problem. Recent work has extended Projective Dynam-
ics to handle nodal frictional contact for cloth and thin objects
[LJBBD20, Dav20]. Since our method is based on the descent-
based Projective Dynamics solver of [WY16] it is not limited to
nodal contact, and may also be used for rigid bodies. Brown et
al. [BOFN18] also presented a non-smooth dissipation potential to
model friction in the Projective Dynamics framework. We present
a smooth extension of this model that has continuous derivatives.

In the dual space, Stewart & Trinkle [ST96] proposed an im-
plicit time-stepping scheme for rigid body contact using a lin-
ear complementarity (LCP) formulation. This model has become
popular in graphics, especially when combined with iterative LCP
solvers such as projected Gauss-Seidel (PGS) and projected Jacobi
[OTSG09,DBDB11,Erl13,BET14,NE15,TBV12,VJ19]. Dual for-
mulations of contact naturally handle hard contact and static fric-
tion constraints. On the other hand, hard models of contact may be-
come overdetermined through incompatible contact constraints, for
example a body being squeezed between two immovable objects.
In this case numerical methods may return an arbitrary answer, or
in the case of direct methods may fail to produce any answer at
all. Hard contact problems may also become underdetermined, for
example a tessellated cylinder resting on the ground with multiple
contact points. In this case there exist many possible solutions, and
the result will typically depend on the constraint order given to the
solver. In contrast, our relaxed primal model of contact generates
well-posed problems that result in smooth contact force distribu-
tions as we demonstrate in Figure 11.

Figure 3: Structured Stacking. A classic stacking test involving
a house of cards. We find that, until knocked down by an exter-
nal body, implicit primal contact is able to achieve similarly stable
structures to traditional dual methods.

3. Optimization-based Time Integration

In this section we introduce our implicit time-stepping scheme. We
show how this may be formulated as a discrete variational opti-
mization problem, and solved by either primal or dual numerical
methods. We analyze the sensitivity and relative strengths of both
methods in Section 4.

To begin, we define the generalized system coordinates and their
time derivatives as q and q̇ respectively. To simplify the following
derivations we re-parameterize the system by introducing the
discrete velocity u+, and the relationship q+ = q−+hGu+, where
the superscripts +/− are shorthand to indicate the state at t and
t + ∆t, i.e.: the beginning and end of the time-step, respectively.
The matrix G is a kinematic map that maps spatial velocities to
system coordinate time derivatives, i.e.: q̇ = Gu [BET14]. This
velocity re-parameterization allows us to treat rigid bodies and par-
ticles in a unified manner. Our discrete equations of motion are then

M
(

u+− ũ
)
−∆tf(q+,u+) = 0. (1)

Where the constant ũ ≡ u− + ∆t M−1 (fext + fgyro) is the un-
constrained velocity that includes the external and gyroscopic
forces integrated explicitly. As shown in previous works, implicit
time integration can be formulated as an optimization prob-
lem [BBB07, BML∗14, GSS∗15]. First, we define the objective
function:

g(u)≡ 1
2
(u− ũ)T M(u− ũ)+∑

i
Ui

(
q+(u)

)
, (2)

where Ui are arbitrary energy potentials that give rise to the forces
f on the system. The optimization problem is then,

u+ ≡ argmin
u

g(u). (3)
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The benefit of stating implicit time integration in this variational
form is that many robust methods exist to solve such optimization
problems, allowing a more unified treatment. We are primarily in-
terested in first order methods, i.e.: those that use only information
about the gradient of g since they are simple to implement, and well
suited for parallelization [WY16]. In the following section we will
show how to use second order information when available. Note
that the gradient of the objective (2) is simply given by (1), i.e.:

d
∣∣
u+ ≡

∂g
∂u

T
∣∣∣∣∣
u+

= M
(

u+− ũ
)
−∆tf(q+,u+) (4)

where the generalized force is f =−∑i GT ∂UT
i

∂q+ .

3.1. Gradient Descent

Perhaps the simplest approach to solving the minimization (3) is
gradient descent. In this scheme we repeatedly update the solution
u+ and q+ as follows:

u+← u+−αd (5)

q+← q−+∆tGu+ (6)

where α is a step-length parameter. In practice gradient descent
converges very slowly and a line search is necessary to avoid
overshooting and divergence. We can improve the convergence of
gradient descent by defining a preconditioning matrix P. Provided
an appropriate choice of P such that dT Pd > 0, our descent update
for u+ is then

u+← u+−αPd. (7)

A common choice for P is the Hessian inverse, i.e.: P≈H−1 ≡
∂

2g
∂u2

−1
, which corresponds to Newton’s method. Due to potential

indefiniteness and the complexity of evaluating the Hessian many
approaches exist to approximate P leading to a range of quasi-
Newton methods. In the following section we review and compare
some common choices and discuss their relationship.

3.2. Quadratic Potentials

The primal descent method presented above is applicable to any
nonlinear conservative force. However, to draw comparisons to
other methods we first consider the special case of quadratic
energy potentials. Consider a single potential of the form,

U ≡ 1
2

kC(q)2, (8)

where k is a stiffness parameter, and C(q) a constraint function
that can be either a scalar or vector function. We define the
corresponding generalized force arising from U as,

f =−GT ∂U
∂q

T
=−k JT C(q), (9)

where the constraint Jacobian is given by J = ∂C
∂q G. For a Newton

style preconditioner we need the Hessian, H, of our objective
function g with respect to the solution variable u,

H≡ ∂
2g

∂u2 = M−∆t
∂f
∂u

. (10)

Assuming the mass M is known, the term to be computed is the
force Jacobian ∂f

∂u , which, for a quadratic potential, is given by,

∂f
∂u

=−∆tk
[

JT J+ ∂J
∂u

C
]
. (11)

Here, the second term corresponds to geometric stiff-
ness [TNGF15, ATK17]. Using just first-order terms, the
preconditioner is

PGN ≡
[
M+∆t2 k JT J

]−1
≈

[
∂

2g
∂u2

]−1

, (12)

which corresponds to a Gauss-Newton iteration on g. To avoid
computing the inverse, or solving a system of equations, we use a
simple diagonal approximation, where each entry is the reciprocal
of the diagonal of PGN , i.e.:

PD
dd ≡

1
Mdd +∆t2 k J2

d
. (13)

Note that d is the index of the degree of freedom, not the constraint.
In Section 5 we show how to extend preconditioners of this form to
contact and friction.

3.3. Dual Ascent

Given an optimization problem in the form of (3) it is possible to
construct a dual optimization problem over Lagrange multipliers.
In this section we derive the dual problem for the case of quadratic
potentials, and show how it leads naturally to constrained dynamics
methods such as extended position-based dynamics (XPBD).

To construct the dual of our primal optimization prob-
lem we introduce the auxiliary variables λ ≡ −Kc where
K ≡ diag[k1, . . . ,kn] is a matrix of stiffness values, and
c ≡ [C1, . . . ,Cn] is a vector of constraint functions. This al-
lows us to write the system potential energy as U ≡ − 1

2 cT
λ, and

define the following Lagrangian,

L(u,λ)≡ 1
2
(u− ũ)T M(u− ũ)−λ

T c(q+)− 1
2

λ
T K−1

λ. (14)

It can be verified that the stationarity conditions for this Lagrangian
correspond to the original problem (3) with quadratic potentials
[BV04]. While both primal and dual optimization can be applied
to arbitrary energy potentials, the dual formulation requires finding
a splitting into Lagrange multipliers that is not always as straight-
forward as the case for quadratic potentials.

The corresponding Lagrange dual function for (14) is
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h(λ)≡ infuL(u,λ) =L(u∗,λ). In general, the constraint functions
are nonlinear, and so we cannot obtain a closed form expression for
u∗ in terms of λ. However, assuming constraint linearity we can
make the following approximation u∗ ≈ ũ+∆tM−1JT

λ. Inserting
this into the Lagrangian, the dual function is then

h(λ)≈ ∆t2

2
λ

T
(

JM−1JT
)

λ−λ
T c(q+)− 1

2
λ

T K−1
λ, (15)

with a corresponding dual maximization problem

λ
+ ≡ argmax

λ

h(λ). (16)

To derive the optimality conditions for (16) we take the derivative
of h, keeping in mind that q+ is implicitly a function of u∗ and in
turn λ, to obtain

∂h
∂λ
≡−

[
c(q+)+K−1

λ

]
= 0. (17)

This set of nonlinear equations corresponds to the form in the
XPBD algorithm [MMC16]. To build a preconditioner we evaluate
the Hessian with respect to λ, again differentiating through the
definition of q+, giving:

∂
2h

∂λ
2 ≡−

[
∆t2JM−1JT +K−1

]
, (18)

which, in the case of a diagonal approximation, the preconditioner
for the dual ascent is then

PD
ii =

1
∆t2JiM−1JT

i +K−1
ii

. (19)

Note that for maximization the sign of the preconditioner is
reversed to ensure an ascent direction. The update step is then

λ
+←Π

(
λ
++αP ∂h

∂λ

)
, (20)

where Π is a projection operator used to enforce bound and friction
constraints on the dual variables. This is followed by an update of
the primal variables,

u+← ũ+∆tM−1JT
λ
+ (21)

q+← q−+∆tGu+. (22)

This derivation shows how we may obtain dual-space algorithms
such as XPBD from the starting point of a primal optimization
problem. When using a diagonal preconditioner, the above update
for λ

+ is identical to that of a Jacobi XPBD iteration. However,
in (21)-(22) the primal variable update differs from XPBD by ap-
plying updates from the initial state q−,u− rather than the current
descent iterate. A similar observation was made by Daviet [Dav20].
While this modification ensures the method converges to the same

(a) Primal (b) Dual

Figure 4: Stiffness Ratio Test. We simulate an elastic double pen-
dulum where the lower spring is 104 times stiffer than the upper
one. Both springs are stiff enough to easily support the attached
weights, however the high stiffness ratio causes ill-conditioning for
primal formulations and leads to significant error (stretching). In
contrast, dual formulations are insensitive to stiffness ratios, and
show the correct behavior.

(a) Primal (b) Dual

Figure 5: Mass Ratio Test. A double pendulum consisting of
two spheres with a mass ratio of 104. High mass ratios cause
ill-conditioning for dual methods, which manifests as excessive
stretching when using fixed iteration counts. Primal formulations
are insensitive to mass ratios and show the correct behavior.

solution as the primal form, we found using the Fast Projection
update of XPBD where position modifications are applied incre-
mentally was more robust [GHF∗07]. We outline both primal and
dual methods in Listings (1-2).

4. Conditioning

Regardless of the preconditioner used for our numerical method,
we can analyze the conditioning of both the primal and dual
problems by inspecting their Hessian side-by-side:

∂
2g

∂u2 ≡
[
M+∆t2JT KJ

]
(23)

∂
2h

∂λ
2 ≡

[
∆t2JM−1JT +K−1

]
. (24)

Inspecting the first (primal) case, when K has a large norm and is

c© 2020 The Author(s)
Computer Graphics Forum c© 2020 The Eurographics Association and John Wiley & Sons Ltd.



M. Macklin, K. Erleben, M. Müller, N. Chentanez, S. Jeschke, T.Y. Kim / Primal/Dual Descent Methods for Dynamics

0 20 40 60 80 100
10

0

10
1

10
2

10
3

Primal

Dual

(a)

0 20 40 60 80 100
10

0

10
1

10
2

10
3

Primal

Dual

(b)

Figure 6: Conditioning. A plot of the system condition number for
a 1D chain of particles with a large mass attached, as shown in Fig-
ure 5. As the mass of the weight is increased the condition number
of the dual system increases (left). The situation is exactly reversed
for the case of stiffness ratios shown in Figure 4, where increasing
stiffness leads to poor conditioning (right).

ALGORITHM 1: Primal Descent Simulation Loop.

while Simulating do
Perform collision detection;
u+← ũ;
q+← q−+∆tGu+;
for n descent iterations do

Initialize force f, and Jacobian diagonal p;
f← 0;
p← 0;
Evaluate forces and derivatives;
for i forces do

f← f+ fi;
p← p+diag

(
∆tkiJT

i Ji
)

;
end
Build preconditioner;
for d degrees of freedom do

PD
dd = (Mdd +∆tpd)

−1;
end
Compute gradient;
d←M(u+− ũ)−∆tf;
Update state;
u+← u+−αPDd;
q+← q−+∆tGu+;

end
end

poorly conditioned (e.g.: there are high stiffness ratios), then this
will dominate the mass term and primal descent methods will con-
verge slowly, leading to error, as illustrated in Figure 4. The situa-
tion is reversed for the dual form, when M has a large relative norm
and is poorly conditioned (e.g.: high mass ratios) then the system
will be hard to solve for iterative dual methods as shown in Figure
5. In Figure 6 we see how, for a simple 1D chain, the condition
number of the systems exactly mirror each other for mass/stiffness
ratios in each form. While common wisdom states that high stiff-
ness values lead to poorly conditioned systems, this analysis shows
that it is actually the stiffness ratio that is problematic rather than
the absolute stiffness values. We further analyze the effect of this
on iterative methods in Section 7.

ALGORITHM 2: Dual Ascent Simulation Loop

while Simulating do
Perform collision detection;
u+← ũ;
q+← q−+∆tGu+;
for n ascent iterations do

Initialize Lagrange multipliers λ, and dual gradient h;
λ← 0;
h← 0;
Evaluate constraints and derivatives;
for i constraints do

hi =−Ci(q+)− k−1
i λi;

PD
ii =

(
∆t2JiM−1Ji

T +K−1
ii

)−1
;

end
Compute dual update;
λ← Π

(
λ+αPDh

)
;

Update state;
u+← u++∆tM−1JT ∆λ;
q+← q−+∆tGu+;

end
end

5. Contact

In this section we present a novel primal contact model that
incorporates slip and stick regions with a robust preconditioner
suitable for implicit integration with descent-based solvers. We
first define non-interpenetration constraints using inequalities as
follows:

Cn(q)≡ nT [a(q)−b(q)]−d ≥ 0, (25)

where n ∈ R3 is the contact plane normal given by the direction
vector between closest points of triangle-mesh features, and d is a
separation distance to maintain that may be used to model surface
thickness. The points a and b ∈ R3 may be functions of a rigid
body frame, or particle positions, in the case of a deformable body.
Although we treat the contact normal as fixed over the course of
the time step, it is also possible to use a nonlinear constraint on the
object motion [LFS∗20].

5.1. Complementarity Form

A complementarity formulation of contact enforces the non-
penetration condition, 25, as well as the associated Signorini-
Fischera condition,

0≤Cn(q) ⊥ λn ≥ 0. (26)

The contact force is given by fn(q) ≡ JT
n λn, where Jn = ∂Cn

∂q G is
the constraint Jacobian. For iterative dual optimization methods,
satisfying the bound constraint on the Lagrange multipliers may be
achieved by a simple projection to R+ which we denote by Π(λn).
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5.2. Penalty Form

Penalty methods of contact associate a stiff potential with the
contact constraint (25). One view of penalty forms of contact is
as a regularization of the complementarity form [Ste00]. In the
simplest case this is a function of the clamped constraint error,

Un(q)≡
kn

p
min(0,Cn(q))p. (27)

where p is a constant exponent (often chosen to be 2). The
associated (non-smooth) force due to this potential:

fn(q)≡−knJT
n min(0,Cn(q))p-1 (28)

where kn controls the stiffness of the contact. One advantage of
penalty based approaches is that they can easily support nonlinear
contact models [Joh85]. In addition, by varying p we can obtain
smoother contact forces that provide continuous derivatives. As
shown in Figure 7, when kn → ∞ the force approaches a hard
constraint limit, and as p increases, so does the smoothness of
contact forces. To construct a preconditioner for the contact normal
force we use the following Hessian approximation:

∂fn

∂u
≈−

{
knJT

n Jn(p-1)min(0,Cn(q))p-2 Cn(q)< 0
0, otherwise,

(29)

where we have dropped higher order terms corresponding to the
geometric stiffness [TNGF15]. This ensures the preconditioner re-
mains positive definite and that the step is in a descent direc-
tion. This approximation is justified since, unlike single-step New-
ton schemes, we repeatedly re-evaluate the constraint gradients
throughout the nonlinear solve.

6. Friction

To introduce friction forces we first define the slip velocity at a
contact as us = DT u ∈R2, where D ∈Rn×2 is a basis that projects
the bodys’ relative velocity to the tangent plane, defined by two
orthogonal vectors, perpendicular to the normal n.

6.1. Complementarity Form

Coulomb’s friction law may be derived from a principle of maxi-
mal dissipation [Ste00] that results in the following conditions on
the equations of motion,

DT u+λs∇ψ(λ f ) = 0 (30)

0≤ λs ⊥ µλn−ψ(λ f )≥ 0. (31)

Here λ f ∈ R2 is a vector of frictional Lagrange multipliers, λs is
a slack variable that controls stick/slip transitions, ψ(λ f ) is a func-
tion that encodes the friction cone as a level set, and µ is the coef-
ficient of friction, with the final frictional force given by f f = Dλ f .
As in the contact constraint case, for a descent-based dual solver
the complementarity constraints may be enforced by projecting the
Lagrange multipliers onto the normal cone [Erl17].
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Figure 7: Contact Forces. Relaxed contact models approximate
hard contact by replacing the step function with a linear hinge (top
left). By exponentiating this function we can obtain C1/C2 continu-
ity, with analytic derivatives (top right). Coulomb friction may also
be relaxed to obtain invertible contact models (bottom left). The re-
laxed friction model may then be smoothed to obtain second order
differentiability (bottom right).

6.2. Penalty Form

We now present our novel primal formulation of frictional con-
tact. We postulate a variational energy giving rise to frictional
dissipation forces similar to Pandolfi & Ortiz [PO07]. However, to
address the issue of indeterminancy in static us = 0 case we relax
the Coulomb model to include a stiff quadratic region around the
origin,

U f (u)≡

{
1
2 k f |us|2 k f |us|< µ|fn|
µ|fn||us|− γ, otherwise.

(32)

Here the parameter k f controls stiffness in the ’stick’ regime,
where the Coulomb condition k f |us| < µ|fn| requires that the
friction force lie inside the normal cone. We treat fn as a constant
parameter to the potential, which in the discrete setting corre-
sponds to staggering, or lagging the update of normal forces in the
friction calculations between iterations [KSJP08]. The constant
γ =

µ2|fn|2
2k f

is chosen to make the potential have C0 continuity when
k f |us| = µ|fn|. This potential is quadratic around the origin and is
linear past a certain point (in the slip regime). It gives rise to the
following forces:
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f f (u)≡−min
(

k f ,µ
|fn|
|us|

)
DT us, (33)

which in 1D looks like the relaxed step function as illustrated in
Figure 7. To construct a preconditioner for this frictional force we
require the potential Hessian, which has the form,

∂f f

∂u
≡−DT

ΛD, (34)

with Λ given by

Λ≡

k f I k f |us|< µ|fn|
µ |fn|
|us|

(
I− usuT

s
|us|2

)
otherwise.

(35)

The term I− usuT
s

|us|2 comes from the derivative of a normalized vector,
and accounts for the turning of constraint directions. We found this
term can cause gradient descent to fail to converge reliably. Instead
we use the simpler, and slightly more conservative scalar Hessian
approximation:

Λ≈

{
k f k f |us|< µ|fn|
µ |fn|
|us| , otherwise.

(36)

Similar to non-penetration constraints, relaxed friction models may
also be smoothed to provide continuous derivatives. This is illus-
trated in Figure 7, where the quadratic no-slip region in our fric-
tion potential is replaced with a 5th degree interpolating polyno-
mial [EMP∗03]. Alternatively functions such as the pseudo-Huber
norm with higher order continuity exist and may also serve as a
smooth friction approximation [CBFAB97].

7. Results

To evaluate our method we implement both primal (correspond-
ing to Projective Dynamics) and dual (corresponding to XPBD)
gradient-based optimization methods in CUDA and run them on an
NVIDIA Geforce 2080 Ti. For collision detection we use triangle-
mesh based contact generation between point-face and edge-edge
feature pairs in proximity at start of each time-step. We use a per-
frame time step of 16.6 milliseconds (60hz), with a varying num-
ber of substeps depending on the example. For rigid body simula-
tion we use a block-diagonal mass matrix, which we invert block-
wise to obtain the preconditioner. We use a collision thickness
d ∈ [10-3,10-2]m. As our focus is on real-time applications we use
a fixed number of iterations per-time step as reported in Table 1.
Line search may be necessary to make gradient-based methods ro-
bust. However, for the primal descent method we found that using
a fixed value of α = 0.5 was sufficient to ensure convergence for
all cases we tested. We found dual ascent to be more sensitive to
the choice of step length, especially when many contacts influence
a single body. To avoid instability in the dual case we have used the
mass-splitting approach of Tonge et al [TBV12]. This amounts to
treating α as a diagonal matrix that provides a varying step size for
each dual variable.

(a) Primal (b) Dual

Figure 8: Contact Mass Ratio. A contact stacking scenario with
a mass ratio of 4096:1. Primal solvers are insensitive to this ratio
and stack stably in 20 iterations. Conversely, this scenario leads
to ill-conditioning for dual methods which fail to stack with 500
iterations.

(a) Primal (b) Dual

Figure 9: Contact Stiffness Ratio. An example of a high stiffness
ratio contact scenario. In this case we have chosen contact stiffness
coefficients of kn = 108, and k f = 106 creating a stiffness ratio of
100:1. This leads to an ill-conditioned system for primal descent
solvers, and results in an inaccurate solution for frictional forces.

7.1. Mass Ratio Tests

We demonstrate the sensitivity of both primal and dual methods to
mass ratios using a simple double pendulum with a mass ratio of
10000:1 as shown in Figure 5. In this case, optimization on the dual
problem proceeds slowly, leading to large stretching. In contrast,
primal-space optimization is relatively unaffected.

An equivalent result occurs in the contact scenario shown in Fig-
ure 8. Here the stack has a mass ratio of 4096:1 between the lower
cylinder and the top one. For the primal solver we use contact pa-
rameters of kn = k f = 108 which is sufficient to stably support the
stack. In contrast, dual-space optimization converges slowly for this
case, leading to large interpenetrations.

7.2. Stiffness Ratio Tests

A simple test to illustrate the effect of stiffness ratios is shown in
Figure 4. Here two point masses are connected by springs with
stiffness coefficents that vary by a ratio of 10000:1. Although both
springs are stiff enough to easily support the masses, when com-
bined with a descent-based solver, the much stiffer lower spring
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(a) k f = 102 (b) k f = 103 (c) k f = 104 (d) Dual

Figure 10: Grasp Stability. We measure the effect of frictional stiffness on grasp stability. Here the Yumi robot picks up a cube, attempts to
lift it to a height of 8cm, and remain stationary. Each image shows the final state of a grasp after 15s. We show the effect of varying friction
stiffness with k f increasing from left to right. Low stiffness results in visible slipping, but with high stiffness with implicit integration can be
made nearly as stable as hard contact (dual) models over long periods of time.

has the effect of slowing convergence for the top spring, resulting
in significant stretching. Dual-space solvers do not suffer from any
ill-conditioning in this case, showing the correct (unstretched) be-
havior.

An equivalent, but less obvious, stiffness ratio problem occurs in
contacting scenarios where the normal and friction stiffness coef-
ficients kn and k f differ by a large magnitude. In Figure 9 we see
the effect of raising the contact stiffness while leaving the friction
stiffness fixed. When combined with an iterative method, this has
the effect of reducing friction convergence, leading to slip.

7.3. Rigid Piling

To investigate the performance of each method on large scale un-
structured piling we simulate a granular material consisting of 256k
rigid bodies as shown in Figure 1. The grains consist of spherical
bodies with an average radius of 5mm and a mass of 5g. We use
contact parameters of kn = k f = 104 and µ = 0.3. A large cylindri-
cal weight is dropped onto the pile creating a mass ratio of 80000:1.
After 1.25s one of the walls is removed, allowing the grains to flow
out. For primal methods we see that the grains support the weight
easily, while dual optimization with the same iteration count shows
significant compression.

A second example is illustrated in Figure 2. In this case, 512
bowls each represented by a triangle mesh with 1160 faces are
dropped from a height. We use contact parameters of kn = k f = 106,
and µ = 0.7. This example is inspired by Xu & Barbic [XZB14],
who simulated large plate stacks with a direct method. They used
distance field based collision detection that generated 8.5k max-
imum contacts. Our triangle-based representation generates 393k
contacts when settled (40x larger), however our parallel gradient-
based solver still runs at real time rates and forms a stable pile.
In this example we see similar behavior with both primal and
dual based solvers. This is expected since there are no significant
sources of ill-conditioning. Nevertheless, this example shows that
the use of primal contact models and descent based optimization is
practical as an alternative to iterative dual methods that may tradi-
tionally be used for such simulations.

(a) (b)

Figure 11: Force Distributions. We visual contact normal forces
in blue. The distribution of forces generated by a relaxed primal
contact model are smooth (left). For hard contact models the prob-
lem is underdetermined, leading to a solution that depends on the
ordering of contacts (right).

7.4. Force Distributions

In real world scenarios, for example a tessellated cylinder resting
on the ground, there are often many redundant contact constraints.
This creates an underdetermined problem, with many possible con-
tact force distributions that are all valid solutions. In this case, hard-
contact solvers may produce an unpredictable distribution that is
dependent on the ordering of constraints. In some applications uni-
form force distributions are desirable, for example, in sound syn-
thesis Zheng et al. [ZJ11] used a secondary per-pair optimization
to generate smooth contact forces. A benefit of the relaxed primal
model presented here is that it generates evenly distributed forces
without additional post-processing. An example of this is shown in
Figure 11. Here the ABB Yumi robot grips a cube. The gripper is
tessellated somewhat non-uniformly, but in a relaxed primal model
of contact the system remains well-posed and leads to a smooth
distribution of contact forces over the vertices.
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(a) Primal (b) Dual

Figure 12: Cloth Simulation. For an object suspended by inexten-
sible cloth (k = 1010) we find that primal methods (left) are able to
achieve higher effective stiffness that dual (right) in an equivalent
number of iterations.

7.5. Cloth

To investigate the behavior of each method on deformable simu-
lation, we suspend a piece of cloth modeled by 800 triangles and
drop a rigid body onto it from a height, as shown in Figure 12.
Surprisingly, the dual solution does not become stiffer after some
elastic stiffness threshold value around k = 108. The same effect
was observed by Soler et al. [SMSH18] in the context of Cosserat
rods. We found this effect was consistent even in the absence of
contact, and believe this behavior can be explained by the use of
an approximate solution to the primal optimization subproblem in
the dual update. In this case a hybrid method like the one used by
Narain et al. [NSO12] for cloth strain-limiting may perform better.

7.6. Grasp Stability
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tracking, relaxed models
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the error induced by the
this approximation on a
robotic manipulation task
shown in Figure 10. We
found that for low values of k f the robot was unable to hold the
cube stationary. However, for high enough coefficients we found
that primal contact was competitive with the dual baseline (Figure
inset).

7.7. Differentiability

We show an example of trajectory optimization in Figure 13. Given
an initial trajectory that involves impacts with two surfaces, the goal
is to find a starting impulse such that a bouncing ball hits a target at
t = 0.5s. We use a discrete adjoint method to perform reverse mode
differentiation through the primal contact solver and optimize the

Figure 13: Differentiability. A trajectory optimization test us-
ing differentiable simulation to minimize the distance to a target
through two contact events. Our primal contact model is well-
suited to differentiability since it may be smoothed, and the system
size remains fixed regardless of the number of contacts.

loss function using an L-BFGS optimizer [LN89]. Primal formula-
tions of contact are well-suited to differentiability for two reasons.
First, the contact forces may be smoothed to provide C2 continuity
required for some optimization methods. Second, when performing
reverse mode differentiation the state of the system must be saved
at each forward step to compute the correct gradients during the
backwards pass. For primal contact the size of the system is fixed
regardless of the number of contacts. In contrast, the dual system
must store a varying, and potentially large amount of contact infor-
mation at each forward step.

8. Discussion and Limitations

The lack of hard constraints in the primal form would appear to
be a major limitation, however, it is often possible to design a re-
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Table 1: Simulation statistics and performance numbers for the ex-
amples in this paper. The per-iteration work done by primal and
dual descent methods is similar so we expect timings to be consis-
tent between methods. We report the timings in milliseconds per-
frame for both methods.

Example Steps Iters. Contacts Primal Dual
# # # (Avg) ms ms

Cylinder Stack 2 20 189 0.9 0.9
Capsule Lean 2 20 11 0.5 0.4
Yumi Grasp 4 80 60 6.4 6.8
Granular Material 8 30 1510k 1396.8 1136.7
Bowl Pile 8 15 393k 16.6 18.1
House of Cards 4 100 1.2k 9.3 8.6

duced system where constrained degrees of freedom are removed
completely, e.g.: for articulated rigid bodies [Fea14, LLK19]. Our
derivation in terms of generalized velocities naturally supports
these types of re-parameterizations. In our experience, the biggest
limitation of primal solvers is the effect of stiffness ratios on con-
vergence. Stiffness ratios may manifest themselves in unexpected
ways, for example in the leaning capsule scene in Figure 9. While it
is often sufficient to simply set the contact and friction stiffness to
the same value, some situations may require more careful author-
ing.

Our method is designed to work with the descent-based opti-
mization form of Projective Dynamics presented by Wang et al.
[WY16] that does not require pre-factorized matrices. The exten-
sion to prefactorized methods is not obvious, and we leave this
future work. An advantage of the primal form is that it does not
require the inversion of the mass matrix M. This means it is pos-
sible to use consistent mass matrices, which are able to produce
more accurate results for FEM-based simulations [CLK∗19]. Pri-
mal formulations also make it particularly easy to perform implicit
integration of arbitrary force models. For example, materials with
nonlinear constitutive equations, or activation models with complex
dynamics such as muscle-tendon units. Our primal formulation is
applicable to any nonlinear energy (with the caveat that it may not
find a global optimum for nonconvex models), however the dual
form requires finding a suitable variable splitting that is most eas-
ily performed for quadratic energies.

9. Conclusion and Future Work

We have presented a unified derivation and analysis of primal and
dual formulations of implicit integration from a variational perspec-
tive. In addition, we have presented a novel primal contact model
with a robust preconditioner that is easy to incorporate into exist-
ing solvers such as Projective Dynamics. Our contributions extend
these frameworks to large scale rigid body and robotics simulations
that may have otherwise been treated with a separate method.

Our focus is on iterative descent-based methods, however we ex-
pect some of the effects described here will change when used with
other methods, e.g.: direct solvers. For future work we plan to ex-
plore techniques to address the stiffness ratio problem in primal for-
mulations. We believe accelerated descent and nonlinear conjugate

gradient methods are promising methods to improve convergence,
while maintaining scalability.
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